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Matrix Tree Theorem

Laplacian (Kirchhoff) matrix of a graph

Li={ —1 ifizjand() ()
s1oak () (K ifi=j

Theorem
Each cofactor (1 < a, b < # vertices) counts spanning trees, i.e.,

(-1)C*P deti(a, b)= > 1

T :spanning trees

(Many proofs and applications dating to Kirchhoff and Maxwell ...)



Matrix Tree Theorem

Laplacian (Kirchhoff) matrix of a graph with weights

0 ifizjand (i) (G)
Y lgi all k @ i @ ifi=j

Theorem
Each cofactor (1 < a, b < # vertices) counts spanning trees, i.e.,

(-1 deti(a,b)= > 1]]ee

T:spanning trees ecT

(Many proofs and applications dating to Kirchhoff and Maxwell ...)



Weighted Tutte Functions: Example and Additive Identity

M((graph) G) = > [Tee I r=> errs
T

T : spanning trees €7  ecT=E\e
in G

For edge e: M(G) = geM(G/e(contraction))+reM(G\e (deletion))

set of spanning trees T



Tutte Functions satisfy 2 Identities

(Additive (del/contr)) and Multiplicative: M(G16G2) = M(G1)M(G)

» Some Tutte functions: Chromatic polynomial, Pott's model
partition functions, many others.

» Popular theory for graphs (graphic matroids), matroids.

» The range is usually a commutative ring.

» Tree counting has applications to physics, but are there
physical motivations for the matrix tree theorem?

» We present a Tutte function into an (anticommutative)
exterior algebra. (i.e., algebra with anticommutative
Grassmann-Berezin variables) It generalizes det L(3, b). (|
know of no other interesting non-ring examples...)

Our Tutte function's VALUE (on an electrical network graph)
represents the solution to a classical physics problem.



Maxwell's Rule (simplest case)

R.» = Equivalent electrical resistance between a and b.

We make p denote a “dummy” or added edge we will call a port to
demark pair a, b. We will use R, , instead of R,p.

Rpp is NOT a Tutte function, but....

Rpp = M(G/p) : M(G \ p) when resistance of each e is re : ge.

v

M(G/p) enumerates spanning trees including p.

v

M(G \ p) enumerates spanning trees excluding p.

v

If G is not connected, “spanning trees” would be “graphic
matroid bases,” i.e., full rank trees.

v

(Ratio notation is used because this is valid when either
M(G/p) or M(G \ p) is zero.)



(Port voltage and current observed in lab)

Roo = M(G/p) M(G\p) = [ M(G\p) —M(G/p) ]| 7 | =0

> The solution space, projected on the vp, i, coordinates, is the
orthogonal complement of the (1-dim) row space of matrix
[M(G\ p) — M(G/p)].

> Let's present the row space as the 1-form
M(G \ p)p;, — M(G/p)p;, also denoted
M(G \ p)dv, — M(G/p)dip.



Why Bother with Exterior Algebra?

M(G/p) and —M(G \ p) each satisfy the Tutte Equations (with
e # p) separately, so OUR 1-FORM satisfies:

ME(G) = geME\e(G/e) + reME\e(G \ e) (P g E)

Result

This generalizes to any number of ports.

When there are p ports the objects are p—forms over R[r, g]?P
Each of the (2;) coefficients satisfies its own Matrix Tree Theorem.
Each coefficient, and the p—form, is a function of all graphs with
distinguished “port” edges labelled with the common set P.

The coefficients are components mjj... of an antisymmetric tensor
of rank p in a 2p dim. space.

(We will drop the distinction between k-forms and k-vectors; we
work in the exterior algebra over KS)



Applications: Case of 2 Port Edges

i
my1 mi> mi3 Mia i
mi1 Mi2 M3 Mig4 Vi
V2

Mg = (my1i] + my 2i5 + my 3vi + myav3)A

ok ok * *
(mp1i7 + moi5 + ma3vi + My avsy)

_‘ myi1 mip AP
= TR A

me1 Mmoo

MEg has (g) = 6 coefficients, one for each 2 x 2 minor.



Transfer resistance in terms of minors (= coeffs. of Mg)

. h=1
Matrix . 1
expr. of 2 =0 =0
' ) vi = don't care
Mg _ R
V2 = —Rpy,py

R =-2= Mel31] = 2 common trees in G\p1/p2 and G\p2/p1 terre

PapL i a ME[34] B Ztrees in G\{p1.p2} ET'T

The general Maxwell’s rule includes the sign rule:

Pq

— if G/T looks like @’

P1

+ if G/ T looks like ./"Cz/.



The sign rule is intuitive

Py When this forest

is contracted and the other
non—port edges deleted,
the resulting

When unit current
flows through P4

this forest oriented matroid minor
contributes is represented by:
a positive P
amount
to the *

voltage drop "=
along p,



Application: Rayleigh Identity

T

o . or. 97
I<(G) is equivalent conductance across e. Rayleigh: 0 < —¢ = —/
Ogr  Ogr

is equivalent to

0T¢g 0T¢
0< . Tere—Ta 8gf/e =Tg/rTGre— TcTge/r

2
TeiplTcre = TcTGle/r = (Tc+/e & G/f TGlee G/f)

Té/e & G/f Enumerate the + common spanning trees. Choe
(2004) proved essentially this using the vertex-based all-minors
matrix tree theorem, combinatorial cases and Jacobi's theorem
relating the minors of a matrix to the minors of its inverse..




Proof of Rayleigh's Identity

Let R be the transfer resistance matrix for 2 ports across e and f.
Our result implies that

R, Rer 7_G/e/f'
detR=| * ¢
’ Rfe  Re Te
It and better-known results tell us
+ —
R ~ Tgre P ~Teyr PO C Treacir™ Toes oyt
e = T ff—iTGy ef = Rfe = Te

2
_ (Tt - :
TeipTere = TaTGre/r = (TG/e g c/f Tglee G/f) 1S
immediate after substituting these into

det R = Ree R — (Ref)2

The + follows from physical grounds if the gg, re > 0. Our
characterization and proof are combinatorial.



New Rayleigh's Identities!

The same method generates identities from

Ree Ref Reg T

GJe/f
Re Rg Reg |= +#
Rge Rgf Reg ¢

ETC...
(Applications??7?)



Result

For all graphs G(E, P) with distinguished edge subset P,

G(E,P) — Mg(G) is an extensor-valued function that obeys the 2
Tutte Equations (with sign corrections expressed combinatorially)
over exterior algebra, where the multiplication is anticommutative.

Plan

1. Deploy exterior algebra to realize linear (graphic) oriented
matroids, minors (deletion/contraction) and dualization.

2. Use Kirchhoff’s and Ohm'’s laws to define Mg for a graph.

3. Analyze (2) in terms of (1). The generically non-zero terms
are characterized by graphic matroid properties of relevent
resistor edge and port sets. The signs are characterized by
oriented matroid properties.

4. (Definition of Mg(N) and our result apply to any extensor
with ground set P U E, but the coefficients of £grrg might
not be 1.)



Extensors, Linear Subspaces and Matroids

Exterior Algebra

The exterior algebra over an |S| dimensional linear space KS can
be generated by |S| independent, anticommuting rank 1 basis
vectors S (over K).

Multiplication is multilinear and for s;,s € S,

S1 NSy =515 = —SS].

Extensor
A rank k (fully) decomposible element is the exterior product of k
linearly independent vectors, i.e., non-zero elements of KS.

Key fact

The k— dimensional linear subspaces of KS correspond one-to-one
with classes of rank-k (non-zero) extensors equivalent under
non-zero scalar (K) multiplication.



Extensors and Subspaces of KS

S
—_——

r-dim row subspaces in KS of full row rank N = | .. N

correspond 1-1 to the extensors equiv., under non-zero scalar
multiplication, to the extensor:

N =(Nigsi+--- N175\5|5|S|) A (N sp+ - N275\5|S|S|) AR
A (Nr,5151 +o Nf,5|5\5|5\)

The subspace corresponding to extensor N

(Xs1s "+ 4 Xs;5)) € row space (N) iff

N A (xs,81 + -+ X5585]) =0



Subspaces, (Oriented) Matroids and Extensors

The (oriented) matroids represented by the (signed) column
dependencies of matrices N and N’ are the SAME if N and N’
have the same row spaces.

There are a dozen or so “cryptomorphic” ways to present the
combinatorial data of a(n) (oriented) matroid.

We choose (unimodular) N to represent linearly over K the graphic
matroid, so S names the graph edges, whose ...

» Circuits = Minimal lin. dep. sets of columns = (directed)
“circles” in the graph;

» Bases = Max. independent sets of columns = Max. rank
spanning forests = Spanning trees if the graph is connected;

» We take a full row rank N, so a sequence of columns is a (£)
basis if the corresponding minor in non-zero (with =+ sign).



N'’s (Oriented) Matroid Bases in Extensor Terms
When we multiply out extensor N written in terms of basis S of
KS, and collect common monomials using bibs... = ¢(o)bs, by, ..
we can express

N = N[B]bib,..= ) N[BIB
BcCS BcCS

N[B] is a minor of matrix N. Each N[B]B is independent of the
order chosen for B C S. (N[B] = Ng in tensor component
notation.)
N[B] # 0 iff B is a basis. (x(B) = sign(N[B]) € {+,—,0} is the
chirotope of an oriented matroid.)
In fact, one oriented matroid “cryptomorphism” is a sign x(B) for
each r—sequence B which is alternating and which satisfies the
signed basis exchange combinatorial condition implied by the
Grassmann-Plucker identity:

l[araz- -~ a/][bibs- - b] = Z[b"a2 c-a/[by- - bjai - - b,]
i=1



Deletion

Plan

» Our Tutte-like equations are algebraic.

» Given e € S and an extensor N realizing a(n) (oriented)
matroid, define deletion and contraction so the result is a
well-defined extensor and can be used in algebraic expressions.
Same for dualization.

Deletion is easy.

But in a matroid, \e reduces the rank when e is an isthmus
(coloop).

We define N\ e = 0 (the zero extensor) if the rank is reduced.



Contraction

In matrix terms ...

Row-reduce to eliminate e as a column. Geometrically, intersect
the row space with a hyperplane.

Write N=Nj Ae+---. Then N/e = Nj. (This is Berezin's 9/0e
up to sign.)

Contraction of e reduces the rank by 1 except when e is a
(self-)loop (zero column in the matrix). In that case, N/e = 0.
NB. Zero-rank matroids (all loops) have N =1 (multiplicative
identity).



Dualization

Linear Motivation of Duality

When an (oriented) matroid is presented by the row subspace L
within KS of a matrix with columns labelled by S, its dual matroid
is presented by the orthogonal complementary subspace L.

Bases in (oriented) matroids

» A rank-k matroid can be specified by which subsets B C S
with |B| = k are (and are not) bases B (i.e., maximal
independent).

» An oriented matroid ' can be specified by which ordered
k-sequences B from S are (N[B] = 0) not independent,
(N[B] = +) positive, and (N[B] = —). The chirotope
function is antisymmetric and satisfies a signed basis-exchange
axiom iff it defines an oriented matroid.



Ways to define (Oriented) Matroid Duals

Duals
» Matroid: B* ={S\ B|B € B}
> Oriented Matroid: N*[B] = +e(BB)N[B] for
(|S| — k) — sequences B. B is an arbitrary sequence
complementary to B; order of B doesn’t matter.

» But N*[] and —N*[] define N'** equally well.

But we want * on extensors to be well-defined and satisfy

(N/e)* = (N"\e).



Ground Set Orientations

We (arbitrarilly) declare with ey which parity class of permutations
of each subset of U is positive: €y(aiaz...) = €(0)ey(as ao, - - -)
for all permutations o of all finite subsets A = {a;, as,...}.

Motivation:

An orientation of a manifold is a consistant specification of which
ordered tangent space bases are called positive or “right handed
coordinate systems”.

So, pseudo-forms such as volume can be defined in a way that the
the volume of a sequence of vectors is positive when the sequence
is a “right handed coodinate system.”

We use a ground set orientation € to define extensor dual so the
oriented matroid relationships between deletion, contraction and
dualization translate into identities on extensor operations.



Definition of Extensor Dual, Matroid-like Identities

Given N(S),
N-[X] = Nt<[X] = N[S']e(S" X),

where S’ is any permutation of the elements in S\ X.

Some resulting identities have sign corrections!
(N\X)* = e(S)e(S'X) (N*/X)
(N/X)" = e(S")e(S'X)(~1)X ISP (N X)
(N1N2)™ = €(S51)e(S2)e(S152)(—1)"Ne N2 NN



Defining Mg

vr(e) = ree for e € E and v,(p) = p,, for p € P.

(1)

Given a ported extensor N(P, E), a ground set orientation € and
dual operator L., parameters g. and r. for each e € E, and
e-preserving functions v, and ¢, defined above, let

M(N) = 1z(N) v,(N*<) and Mg(N) = M(N)/E

tg(e) = gee for e € E and 1z(p) = p, for p € P.

Electricity! - When N is graphic.

Variables x, e € E represent values such that gexe is the current
through edge e and rex. is the voltage across e. Thus Ohm'’s law
is expressed with resistance re : ge.

1g(N) expresses Kirchhoff's current law. v,(N-<) expresses
Kirchhoff's voltage law.

Contraction by E expresses eliminating the variables x., e € E
leaving p independent linear constraints on the 2p variables for the
port currents and voltage drops.



The re, ge parametrized extensor-valued function Mg(N)(P, U P,)
of ported extensor N = N(P, E) has the following properties:

1. Given N1(P1, El) and N2(P2, Ez) with E = E; U E; and
P =P UP,,

Me(Ny No)(P, E) =
€(P1P2E)e(P1Er)e(P2E2) Mg (N1) Mg, (N2).

2. Ife€ E and E' = E\ e then

ME(N) = E(PE)E(PE/) (geME/(N/e) + I’eME/(N \ e))



3 Let E = (). The Pliicker coordinates of My(N)(P, U P,)
satisfy

M@(N)[/LVU] = M[ILV’U] = 6(V V) N[/]N[V]

forall | C Pand V C P.

(NB: Each N[A]N[B] # 0 iff A and B are common bases in
the matroid represented by N.

For graphic and other unimodular oriented matroids, each
N[]=+1or0.)

4 Mg(0) = 0.



Corollary

Let (N/A|P) =N/A\ (E \ A) be the extensor obtained by
contracting A C E and deleting the rest of E, leaving an extensor
with ground set P.

Mg(N/A|P) with E = () is a result of applying the reductions in
the additive identity repeatedly until there are no more e € E.

e(PE)Mg(N) = €(P) > My(N/A|P)gars.
ACE:pnA=A]
pN — p(N/A|P) — pnA =0

The signs cancel in a telescoping product.

When N is graphic, each non-zero My(N/A|P) represents the
behavior of an electrical network with ports only!

Intuitively, the behavior of the resistor network is the exterior sum
of behaviors of certain networks obtained by contracting a forest F
of resistors and deleting E \ F, weighted by grre\F.



1. The generic Matrix Tree Theorem: Given N = N(P, E), and
sequences | CP, VCP,and V =P\ V,

e(V V)e(PE)ME(N)[LV,] = (P) S~ N[IAIN[VAlgary.
ACE

The only non-zero terms in this sum are those for which both
AUl and AUV are bases in the matroid of N.



1. The generic Matrix Tree Theorem: Given N = N(P, E), and
sequences | CP, VCP,and V =P\ V,

e(V V)e(PE)ME(N)[LV,] = (P) S~ N[IAIN[VAlgary.
ACE

The only non-zero terms in this sum are those for which both
AUl and AUV are bases in the matroid of N.

2. €(PE)M%(£N)[P,] enumerates the bases of N'(N/P),
assuming P is independent in the matroid N'(N), by

e(PEYMg(£N)[P.] = > gsrgN’[BP],
BCE



. The generic Matrix Tree Theorem: Given N = N(P, E), and
sequences | CP, VCP,and V =P\ V,

e(V V)e(PE)ME(N)[LV,] = (P) S~ N[IAIN[VAlgary.
ACE

The only non-zero terms in this sum are those for which both
AUl and AUV are bases in the matroid of N.

. €(PE)M%(£N)[P,] enumerates the bases of N'(N/P),
assuming P is independent in the matroid N'(N), by

e(PEYMg(£N)[P.] = > gsrgN’[BP],
BCE

. MZ(£N)[Q] is constant under sign change of £N, and is
alternating in E, € and Q.
. €(PE)M%Z(£N)[Q] is constant under sign change of £N and

under changes or reorderings of € or E; it is alternating in P
and in Q.



2 Grassmann variables for each edge
Instead of Smith's “protovoltage” x. for each edge, we could have
used voltage x. and current Xe. Ohm's law is (gexe — rexe) = 0.

M(G) with Ohm's Law Explicit:

Current Laws: N = /\ Z N; eXe + Z Ni pp.)

i=0 E
p*(G)

Voltage Laws: N+t = /\ ZN Xe —i—ZN ppU
i=0 E

n _
Mohm's law explicit = NN /\ (gexe - reXe)
ecE



Extracting Tree sums

Let ¢ = /\pEP PuP. /\eEE XeXe

For 2 sequences of port names [ and V, |I| +|V| = |P]| (not
necessarily disjoint), the coefficient (Plucker coordinate, tensor
component) named by /,V,, in Mg is given by the
Grassmann-Berezin integral:

+ / D(¢p)IC,VE ,Mohms..

where /€ =P\ /and VE =P\ V.

» Each of these enumerates, with homogenous =[] r and [[ g
weights, certain trees. Each is a full-row minor (determinant)
in the matrix of M.

» When /, V partition P, all signs are the same.

» Each satisfies Tutte's deletion/contraction and direct sum
identities.



A Grassmann Polynomial that satisfies anticommutative
Tutte equations

Berezin Integral Notation

/dxldx2...F denotes i o i o---F
6X1 8)@

(When the signs are corrected properly) the integrand obtained by
“integrating out” the variables x. and X, satisfies Tutte's
equations as a polynomial in Grassmann-Berezin variables.



Example

P1 ’ P2

pL P2 p3 €1 € € &
-1 0 41|41 41 0 ©
0 +1 —-1/-1 0 +1 0O
-1 -1 41|41 0 0 +1

(—p1 + p3+e1+e)
N=  (p2—p3s—e1+e3)
(—p1—p2+p3+er+eq)



Next, we write one totally unimodular matrix N for the canonical
dual. We have checked that the sign was chosen properly.

p1 P2 p3 €1 € €3 &
0 0 +41|-1 0o 0 O
1
N-= | 41 41 41| 0 0 0 +1
0 +1 +1/0 -1 0 0
+1 0 +1/0 0 +1 o©

We abbreviate labels p,; and p,1 by i1 and v, etc.



i I 3 v v v €1 € €3 €4
-1 0 41|/ 0 0 0| @ & 0 0
0 +1 -1/ 0 0 O0|-g 0 g O
-1 -1 41/ 0 0 0| g O 0 g
0 0 0|0 O +1|-n 0 0 O
0 0 O [+l +1 41, 0 0 0 n
0 0 0|0 +1 +1| 0 —-rn 0 O
0 0 O0|+1 0 41| 0 0 r O




i1

We calculate Mg(N) by doing ring operations on rows to eliminate
all but one non-zero entry in each E column in M(N). The result
is that

8182838412 r2r3raM(N)

is equal to the following extensor in matrix form:

i

Vi V2 V3 €1 €2 €3 €4
[ —nn 0 e 0 o ginh+&n 0 0 0 0
0 nr —nr | —83n 0 —8113 — 831 0 0 0 0
—nn  —nfp nf | —gn —gn g —gn 0 0 0 0
0 0 0 0 0 a1 —g1in 0 0 0
0 0 0 84 84 84 0 0 0 8ariha
0 0 0 0 on on 0 —gnrn 0 0
0 0 0 83n 0 83n 0 0 83nnr3 0




After some cancellation, we can read off the answer from the 3 x 6
upper left submatrix, which is a matrix presentation of the extensor
rMg(N):

i i2 i3 Vi V2 v3
—-nr 0 rr 0 gn  gin+g&n

0 nr3 —nr3| —83n 0 —81i3 — 831
—nry —nrp nry | —g4n —gann 814 — 8gan

One can notice that every order 3 minor is a multiple of r12.



Example graph (again)



Here are examples of Pliicker coordinates, which can be calculated
from the above matrix as order 3 minors divided by r?.

Me(N)[vivovs] =  gig283r + 81828413 + g183841> + 8283841
Mg (N)[ivovs] = (8113 + g3n)(gara + gar2)
Me(N)[viiivs] = —g18anr3 + g283m 1

Observe Mg(N)[v1vav3] is the basis enumerator for A/(N) \ P.

Graph Minor  Extensor Minor Term in Mg(N)[vy/ivs]

P3

P1

N/{e1,es}|P —81841n213

P2

P1

. N/{e2, e3}|P +8283r114

o
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